In this work, an inverse design algorithm called Ball-Spine (BSA) is developed as a quasi-3D method and applied to the meridional plane of a centrifugal pump impeller in an effort to improve its performance. In this method, numerical analyses of viscous flow field in the passage between two blades are coupled with BSA to modify the corresponding hub and shroud geometries. Here, full 3D Navier-Stokes equations are solved within a thin plane of flow instead of solving inviscid, quasi-3D flow equations in the meridional plane. To demonstrate the validity of the present work, the performance of a centrifugal pump is first numerically investigated, and then compared against available experimental data. Defining a target pressure distribution on the hub and shroud surfaces of the flow passage, a new impeller geometry is then obtained in accordance with the modified pressure distribution. The results indicate a good rate of convergence and desirable stability of BSA in the design of rotating flow passages with incompressible, viscous flows. Overall, the proposed design method resulted in the following major improvements: an increase in static pressure along the streamline, 5% of increase in the pump total head and delay in the onset of flow cavitation inside the impeller.
Introduction
Optimization problems related to pump design are generally challenging, primarily due to the complexities associated with pump geometry and the corresponding flow pattern inside. The optimal design of a geometry in the meridional plane of a pump is of significant importance, as it directly influences the flow pattern and velocity distribution inside the impeller, hence the hydraulic performance of the pump. In addition, the velocity distribution on the shroud surface of an impeller affects the onset of flow cavitation and net positive suction head of the pump. The inverse design of the flow passage is one of the common approaches in problems of this nature. This process involves obtaining flow boundaries associated with a prescribed wall pressure or velocity profile and is generally achieved in two ways: non-iterative (coupled/direct) or iterative (non-coupled). In the former approach, a form of problem formulation can be used, in which the flow border is defined either implicitly or explicitly as dependent variable and appear in the governing equations. In the latter method, however, flow and geometrical variables are independent of each other. These methods use an initial guess, and the process is repeated until convergence is achieved. Although iterative methods are more general and powerful, they are often mathematically complex and computationally intensive. These methods, however, can use analytic methods as a black-box to predict flow field within the passage, enabling the design of more complex flow passages.
Researchers have previously used different target functions to perform the design procedure [1] [2] [3] [4] . Zanganeh and Tiow [5] and Yang and Wu [6] established the aforementioned method by implementing virtual velocity on blade surfaces. Demeulenaere [7] changed the boundary condition on the blade walls and modified the geometry by inverse design code according to target pressure distribution. Virtual velocity on blade camber line and walls has also been used previously as a design function [8] [9] [10] [11] [12] . Yang et al. [13] employed the formulation developed by Mileshin et al. [10] to calculate the induced virtual velocity.
Poursadegh et al. [14] [15] [16] used ball-spine inverse design algorithm on the meridional plane of a centrifugal compressor impeller and then developed an original and progressive algorithm for design of the blade camber line profile on the blade-toblade planes of impeller based on blade loading improvement. Madadi et al. [17, 18] used the aforementioned design algorithm to design an axial flow compressor on the blade-to-blade surface, as well as S-shaped diffusers.
Arbabi [19, 20] and co-workers developed an aerodynamic inverse design method for three-dimensional design of flow passage for viscous flow over blades. An aerodynamic inverse shape design approach that was fully consistent with viscous flow was successfully developed for the 3D design of turbomachinery blades. Ramamurthy et al. [21] developed an inverse shape design method for steady, two dimensional viscous internal and external flow over airfoils. In this method, a target pressure distribution was prescribed on the airfoil suction side. The approach was fully consistent with the viscous flow assumption and was incorporated into a time accurate solution of the Reynolds-Averaged Navier Stokes equations. The inverse method was first validated; and then used to redesign airfoils for internal and external flow cases, where the robustness and usefulness of the inverse method were demonstrated. Recently, the inverse design algorithms have been extensively used to design efficient turbomachines in various applications. This clearly demonstrates the potentials of this approach in the field. [22] [23] [24] [25] [26] [27] [28] [29] .
In the current work, the Ball-Spine inverse design algorithm is developed as a quasi-3D method and then applied to the meridional plane of a centrifugal pump impeller operating in an incompressible, viscous flow regime. In this method, viscous flow simulations are conducted within a thin region between two adjacent blades of an impeller, where the full 3-D Navier-Stokes equations are solved instead of their inviscid, quasi-3D counterparts. Considering the rotary nature of the frame of reference in this study, a reduced static pressure distribution [30] is used as a target parameter. The performance of the developed design method is then examined in the meridional plane of a centrifugal pump. Finally, the flow passage is designed to (a) optimize pressure gradients along the passage, (b) minimize and eliminate potential wakes, and (c) increase the discharge pressure. The designed geometry is then simulated to examine the realization of the aforementioned targets.
Geometry
Impeller is the only rotating part of a pump transferring the supplied energy to the working fluid. Figure 1 presents the meridional view of a centrifugal pump. As shown, the impeller blades are bounded by hub and shroud surfaces, allowing for the control of passages' cross-sectional area. The working fluid enters the impeller in the axial direction and leaves it while its direction is turned close to 90 degrees. Table 1 summarizes the hydraulic specification of the reference geometry used for the analyses presented.
Ball-Spine inverse design algorithm
The Ball-Spine method is fundamentally an iterative approach. Figure 2 demonstrates the overall procedure used for geometry modification. As shown, the hub and shroud walls are composed of virtual balls with fixed mass that can be freely moved along the specified directions called spine. Fluid flow through the passage applies a pressure distribution to the wetted side of the boundary. If the target pressure distribution is applied to the outer side of the boundary, the flexible walls begin to deform in a way that the actual pressure inside the passage equals the target pressure. In other words, the force due to the difference between current and desired pressure profile anywhere along the wall displaces the corresponding balls at any point along the spine. As the desired shape is achieved, the difference between two pressure profiles disappears, and the balls stop moving. Figure 3 demonstrates the free body diagram for a virtual ball. If the balls move in the direction of applied force, adjacent balls may collide or go away from each other. To avoid this problem, each ball should move along the spine during the entire process of deformation. Figure 4 shows the spines for a flow passage in the meridional plane. In the current work, the spines are chosen to be perpendicular to the flow stream. In order to obtain a unique solution to the inverse design problem in hand, here the axial length of the flow passage is kept constant. According to Fig. 3 , the displacement of balls in each shape modification step is calculated using Eq. 1. Here, C is an adjustment parameter for the convergence rate of the BSA method. A smaller value of this parameter results in slower convergence rate of the algorithm. Note that if the value of this adjustment parameter exceeds a certain threshold, the design algorithm will diverge [16] . Therefore, determining an optimal value for this constant is of significant importance to minimize the computation costs. Now, assuming that the displacement of the imaginary balls is only due to the pressure difference between the inside and outside of the boundary, we have
Projecting the displacements into perpendicular horizontal and vertical displacements yields
Where α denotes the angle of spine from horizon. In the current method, residual for the proposed iterative design process is calculated using Eq. 6. A threshold of 10 -2 is used here to determine when convergence to the target geometry is achieved. To obtain a higher accuracy, ANSYS CFX is used to solve the flow field in each iteration.
3-D modeling
In this work, a 3-D simulation of the centrifugal pump is conducted to examine its performance and compare the results against the experimental data. The simulated geometry encompasses three distinct parts: impeller, volute and the outlet pipe. Figure 5 demonstrates the overall view of the pump.
Mesh generation
Structure and unstructured mesh are used for mesh generation within the simulation domain. Here, an O-Grid structured mesh is used in the blade near-wall region in order to better examine the boundary layer as shown in Fig. 6 . In the current study, the average y + in the wall region is about 1.5, and its maximum value does not exceed 5. Table 2 summarizes the boundary conditions used in this study. Static pressure of the reservoir is used as the inlet boundary condition. Here, an average turbulent intensity of about 1% is considered. This is justified where the turbulent intensity of flow at the inlet is minimized by existing baffles. A known mass flow rate (or the average velocity) is used at the outlet boundary. Here, the corresponding value at the best efficiency point (BEP) of the pump is used. No-slip condition is enforced at the solid boundaries. The Frozen Rotor model is also used to calculate the average tangential velocity at the interface of stationary and rotary parts. This model utilizes a quasi-stable algorithm, which treats the flow from rotor to stator by changing the frame of reference while maintaining their relative position. The rotary terms are simulated in the moving frame of reference, but the transient effects are neglected. This leads to an effective approach to calculate the communication between the impeller and volute. Water at 25 C (with a density of 997 kg/m 3 and a dynamic viscosity of 0.0010518 Pa.s ) is considered as the working fluid in this investigation. The Shear Stress Transport (SST) model is used to simulate turbulence.
Boundary conditions

Mesh independency
In the current study, the outlet pressure is used as a parameter to investigate the dependency of the simulations to used grid sizes. Table 3 summarizes the results, where the number of elements denotes that for the overall simulation domain, including the impeller, volute and the outlet pipe. Based on these results, a domain of 2173604 elements is used to achieve a meshindependent simulation, while it is still computationally affordable.
Result validation
In this section, the experimental data from the hydraulic test of main centrifugal pump is used to validate the simulation results. The measurements are conducted in the Turbomachinery Laboratory of the University of Tabriz. Figure 7 shows the schematic of the centrifugal pump test bed that is fully equipped with data acquisition and analysis systems. The geometrical and design point specification of the pump used is summarized in the Table 1 . Figure 8 presents a comparison between the measured and simulated pump head over a range of flow rates. As shown, the predictions are within 5% of the measured values, and in fact, the error falls below 1% at the design point of the pump.
Algorithm implementation
The inverse design procedure is comprised of two major parts: flow solver, and shape modification algorithm. Here, ANSYS CFX is used as the flow solver, and the design algorithm is implemented through a separate MATLAB code. The design procedure starts with a comparison between the target and initial pressure profile on the hub and shroud boundaries. The difference between the two pressure distributions results in a change in the geometry of the flow passage at each iteration. Flow field associated with the modified geometry is then simulated using CFX, and the actual pressure profile is updated accordingly. This process is repeated until the difference between the actual and target pressure distribution falls below the predefined threshold. The current method also allows for the implementation of different filters in order to smoothen the modified geometry, and the utilization of different adjustment parameters to improve the convergence rate of the algorithm.
Quasi-3D flow passage and boundary conditions
Considering the symmetrical geometry of the impeller and the incoming flow, the problem is simplified to a quasi-3D case in order to reduce the computation time. It is important to note that all geometrical changes occur at the meridional plane; therefore, the passage specifications in the blade-to-blade plane are not affected. The aforementioned geometry is constructed in the ICEM CFD environment such that the meridional projection is rotated about 2 degrees around the symmetry axis of the impeller, as shown in Fig. 9 . No slip boundary condition is applied to the hub and shroud, while the side walls are considered to allow for free flow slip. The intake of the impeller also remains unaffected during the design procedure. Note that structured grids are used in the entire computational domain.
Validation
The performance of the design algorithm has been extensively evaluated in the literature for various stationary passages and compressible flow configurations [14, 15, [31] [32] [33] . Here, a similar evaluation is performed for the case of incompressible flow in a rotating passage. To this end, the reduced static pressure is used as the target design parameter, which is expected to directly contribute to boundary layer thickening and flow separation due to adverse gradients [30] . The reduced pressure is calculated using the following expression. To perform the validation, the geometry of main pump is used as a target, and the initial geometry is constructed by applying arbitrary changes to the target geometry, as shown in Fig. 10 . The corresponding flow regime is laminar and incompressible, and the flow field is simulated applying uniform inlet velocity of 1.3 m/s and a relative pressure of zero at the outlet. Here, 25x50 cells are used for simulation. Despite the rotational nature of the flow passage as well as flow separation within the initial geometry, design convergence successfully occurs after 27 iterations, as shown in Fig. 11 .
To investigate the influence of design parameters on the performance of the algorithm, the static pressure is now considered for this purpose. Starting from the same initial conditions, the design procedure converge after only 56 iterations, as depicted in Fig. 12 . The influence of grid sizes on the design procedure is also examined. For this purpose, the same computational domain with a coarser (14x28) and a finer (45x60) elements is considered. Figure 13 compares the converged solution for the coarser domain against the reference case (25x50 elements). The results for the case with finer elements are not included in this figure, as the corresponding converged solution overlaps that of the reference case. This suggests that the design algorithm becomes independent of element size beyond a certain threshold.
Geometry modification
The sharp curvature of impeller in the meridional plane combined with the blade geometry results in wake and potential flow separation on the suction side of the shroud surface and is manifested as a pressure drop. In addition, high local velocities and unnecessary rapid flow accelerations (or decelerations) also contribute to the overall energy loss. On the other hand, a high angle of incident at the flow inlet may also result in a considerable energy loss, which requires design reconsideration. These design issues can be addressed in either the meridional or blade-to-blade planes of the impeller.
The validated design procedure is now employed to modify the pump geometry in the meridional plane. Figure 14 demonstrates the current and target pressure distributions on the hub and shroud surfaces. The corresponding geometries, before and after the shape modification, are presented in Fig. 15 . The adjustment parameter C used in the current design procedure is 10 -8 , and the full convergence of the design occurred after 34 iterations. In order to accurately examine the improvements resulted, the full geometry of the modified impeller is constructed and evaluated using the 3D solver discussed earlier. The corresponding static pressure distribution in Fig. 16 shows that the flow field in the suction side of the modified geometry has improved. Figure 16 also shows that the velocity distribution at the outlet of the impeller has become more uniform for the modified geometry and the corresponding average value has increased. Table 4 summarizes the results of the final shape modification. It is important to note that the overall pump head has increased over 5% for the modified geometry at BEP. Figure 17 demonstrates the pump performance as a function of cavitation for the existing and the modified pumps. In this graph, head coefficient is plotted against Thomas cavitation coefficient at BEP. The Hydraulic Institute standards have defined the cavitation onset as the point where 3% drop occurs in pump head. Beyond this point, the local cavitation grows and a considerable loss in pump performance is expected. Applying this criterion, Fig. 17 shows that the cavitation onset is delayed for the modified geometry, suggesting that the modified pump can successfully operate at lower suction pressures.
Conclusions
In the current work, the Ball-Spine inverse design algorithm was developed as a quasi-3D method and applied to the meridional plane of a centrifugal pump impeller operating in an incompressible, viscous flow regime. In this method, the viscous flow simulations were conducted within a thin region between two adjacent blades of an impeller, where the full 3-D Navier-Stokes equations were solved instead of their inviscid, quasi-3D counterparts. The design algorithm was implemented using an external MATLAB code coupled with the ANSYS CFX as the flow solver. This approach further allows for the utilization of different spatial filters to smoothen the geometry at each step, which in turn allows the adjustment parameter of the design algorithm to be increased, hence improves the corresponding convergence rate. The results demonstrated that the reduced pressure distribution is a more physically meaningful design parameter compared to static pressure, and improves the convergence of the design algorithm. It was further found that the algorithm becomes independent of the grid size beyond a certain threshold. The developed design algorithm was finally applied to an existing pump in an effort to improve its performance by eliminating unnecessary, excessive pressure gradients in the meridional plane of the impeller. Simulating the flow field within the modified impeller demonstrated an overall increase in pressure along the streamline, resulting in a delay in the cavitation onset on the suction side of the passage, and a 5% improvement in the pump head. Fig. 7 . The schematic of centrifugal pump test bed located at the Turbomachinery Laboratory of the University of Tabriz Fig. 8 . Comparison of numerical results and experimental results Fig. 9 . Created quasi-3d duct with boundary conditions Fig. 10 . Initial guess and target geometry for validation Fig. 11 . Converging process of reduced static pressure distribution from initial guess geometry to the target geometry Fig. 12 . Converging process of static pressure distribution from initial guess geometry to the target geometry Fig. 13 . Grid study for design of meridional plane in the rotating frame Table 2 . Boundary condition for numerical study of centrifugal pump Table 3 . Evaluation of the dependency of mesh Table 4 . Values of dimensionless head and flow coefficients 
